Introduction
Let G be a finite group. A pair (G, N) , N P G is called a Camina pair [3] if
i.e. each element g / ∈ N is conjugate to all the elements in the coset gN. The subgroup N will be referred to as the Camina kernel.
In [3] A.R. Camina proved that if (G, N) is a Camina pair then it is Frobenius group or at least one of the groups G/N, N is a p-group. D. Chillag, A. Mann and C. Scoppola proved in [6] that G is solvable if G/N is a p-group. So for a non-solvable Camina pair (G, N) the subgroup N is a p-group or G is Frobenius. All non-solvable
Frobenius groups are well known (see [11] ). In this paper we focus on non-solvable and non-Frobenius Camina pairs.
Given a Camina pair as above, with N a p-group, let g ∈ G be a p -element, of order q, say. If g commutes with an element 1 = n ∈ N, where n has order p e , then gn has order qp e = q, and thus g and gn are not conjugate. Therefore g commutes with no non-identity element in N.
G/Φ(N) is also a Camina group, with an elementary abelian kernel V = N/Φ(N).
In [4] P. Fleischmann, W. Lempken and P.H. Tiep say that a group G is p -semiregular on a finitedimensional F[G] module V defined over some field F, if every p -element of G acts without fixed points on the set V \ {0}.
Let R be the set of primes r satisfying the following conditions 
Conversely, if (G, p) satisfies any of the conditions (a)-(d), then there exists a faithful absolutely irreducible G-module V in characteristic p such that G acts p -semiregularly on V .
In view of our earlier remarks, this has the following (2 2m+1 ) and p = 2;
Corollary 1.2. Let (G, N) be a Camina pair such that G is not solvable. If N is a p-group and p divides the order of (G/O p (G)) ∞ , then one of the following holds
Here X ∞ denotes the solvable residual of the group X , i.e. the last term in the derived series X (d) .
Our first result eliminates most of the cases. More precisely, we prove the following (2, 5) 
Notice that in the latter case the dimension of an F p [SL(2, 5)]-module is two if and only if 5 and −1 are squares in F p .
Our second result provides an example of a non-solvable and non-Frobenius Camina pair (G, N) with |G| = 2 3 · 3 · 5 6 (see Section 3). The group G has a character which is zero everywhere except on two conjugacy classes. Groups of this type were studied by S.M. Gagola [5] . To our knowledge, this group is the first example of a Gagola group which is non-solvable and non-Frobenius. Arad and Blau [1] and Mann [10] studied finite groups G which have two distinct irreducible characters χ and η satisfying χη = mχ + nη with m, n > 0.
The interest in this situation arises because of the fact that very little is known about the decomposition into irreducibles of the product of two irreducible characters, thus there is interest even in such extreme assumptions as (2) .
It was shown in [2] 
We have no example of such groups. The paper is organized as follows. The next section contains the proof of Theorems 1.3 and 1.6. Section 3 describes the example mentioned above.
All the notations used in the paper are standard.
Proof of Theorems 1.3 and 1.6
We start with the following statement 
Let G be a finite group and p a prime dividing |G|. We say that G has the N S p -property if any irreducible p -semiregular 
Proposition 2.2. Let (G, N) be a Camina pair with N being a minimal normal p-subgroup. Then C G (N) = O p (G) and G/O p (G) does not have the N S p -property.

Proof. First, let us show that
Since N is minimal, it is elementary abelian and affords a natural structure of 
Since G has the N S p property, there exist non-zero u 1 , u 2 ∈ U for which the ratio |Gu 1 |/|Gu 2 | is a non-square. Thus |Gu 1 |/|Gu 2 | = p α where α is an odd integer. We are going to show that |Xu 1 | p /|Xu 2 | p = p α , thereby proving the statement.
Since F centralizes G, the sets f Gu i , f ∈ F are G-orbits as well. Let F i be the setwise stabilizer in F of the orbit Gu i . Then
Now the following line finishes the proof
We are ready now to prove Theorem 1.3. As before let (G, N) be a Camina pair with non-
is also a Camina pair. So, without loss of generality we may assume that N is a minimal normal p-subgroup of G. We also may assume that G/G is a p-group. Indeed, if G/G is not a p-group, then G contains a normal subgroup M of prime index distinct from p. In this case Theorem 5.4 of [8] implies that (M, N) is a Camina pair. So we can replace G by M in this case. N) is a Camina pair. The group G ∞ is perfect and acts on N p -semiregularly. We split our proof into two cases depending on whether p divides |G ∞ | or not.
In this case G ∞ acts fixed-point-freely on N \ {1}. Therefore N G ∞ is a Frobenius group with perfect complement. Now Zassenhaus' theorem implies that G ∞ ∼ = SL (2, 5) . In particular, p 7. The stabilizer of a non-zero vector v ∈ V is a 3-subgroup of SL (2, r 
The group G/(G
∞ C G (G ∞ )) is embedded into Out(G ∞ ). In the cases (b)-(d), Out(G ∞ ) is an abelian group of p -order. Since G/G is a p-group, G/G is a p-group as well. Therefore G = G ∞ C G (G ∞ ) ind − 1 = r 2 +r 2 (3 s − 1). So, (3 s − 1) | (3 d − 1) implying s | d. Since ρ(g) ∈ GL d (F 3 ) is a matrix of order 3, s = dim(Fix(g)) d/3
Assume now that 3
e := |SL(2, r)| 3 > 3. Let P be a Sylow 3-subgroup of SL (2, r) . It is a cyclic group of order 3 e . Let g be a generator of P . Let n be the degree of the minimal polynomial of
ρ(g) − I V (that is the minimal polynomial is x n ). Since o(g) = 3
e , we obtain 3 Let C and D be the two non-trivial conjugacy classes of G contained in N. Both of them are orbits of G. Since the action of G on N is p -semiregular, the cardinality of these classes are k and kp f for some non-negative integer f . Without loss of generality we may assume that |C| = k, |D| = kp f . Since N is a minimal normal subgroup of G, we obtain C
We need the following claim 
Thus z divides k, and, therefore z | |G|. 
Case (B). G
In this case we obtain k(3 
Case (C). G
The number 3
d − 1 has a Zsigmondy prime divisor z, say. It follows from z > d that z is at least 13.
But 13 divides 3 6 − 1. Therefore z 17 implying that z is co-prime to |Aut(SL(2, 13))|, contrary to Proposition 2.4.
Case (D). G
Note that in this case |G ∞ | is coprime to p, and, therefore, acts fixed-points-freely on N \ {1}. PGL(2, p) . It contains A 5 , since A 5 is the image of G ∞ ∼ = SL (2, 5) in PGL(2, p) . According to [7] A 5 is maximal in P SL (2, p) . Since X is a p -group, X ∩ P SL(2, p) is a proper subgroup of P SL (2, p) . Therefore, |X ∩ P SL(2, p)| = 60 implying |X| = 60 or |X| = 120. Since A 5 is self-normalizing in PGL(2, p) , we obtain |X| = 60. Denoting R := G ∩ Z (GL(2, p) ) we obtain |G| = 60 · |R|. 
Case (D1). G is a
is a cyclic group the order of which divides either p − 1 or p 2 − 1 (in the latter 
An example
Let p be a prime, p > 3 and L a 5-dimensional Lie algebra over Z p defined by the following
The
The structure of a p-group on L may be defined by Baker-Campbell-Hausdorff formula (see, for example, [12] 
We let E a denote the matrix of the linear mapping
a i e i , we obtain that
The following statement is straightforward. Let Γ be the subgroup of Aut(L) generated by T and R. A direct check shows that the matrices T and R satisfy the following equalities
These are defining relations of SL (2, 5) . Therefore Γ is a homomorphic image of SL (2, 5) . The restriction on the left-upper 2 × 2 submatrix is a homomorphism from Γ into GL 2 (5) . Since the matrices 0 1
generate SL 2 (5), this homomorphism is an isomorphism and we obtain Γ = T , R ∼ = SL 2 (5). Each matrix from Γ acts on U according to (7) . In what follows we identify matrices from Γ with automorphisms of U .
Proof. According to Proposition 3.1 each C ∈ C contains p 2 elements. Hence |C| = p(p 2 − 1) and our statement is equivalent to saying that Γ acts on C regularly. Let g → g := gU , g ∈ U be the natural epimorphism. The action of Γ on U ∼ = Z 2 p is equivalent to the action of SL(2, p) on its natural module.
Since C is a set of non-identity elements of U , the group Γ acts transitively on C. Since |C| = p 2 − 1, the stabilizer of C ∈ C in Γ is contained in a Sylow p-subgroup of Γ . Since all Sylow p-subgroups are conjugate, we may choose C such that its stabilizer is contained in S . Assuming, towards a contradiction, that the stabilizer is non-trivial, we obtain that S fixes C setwise. Pick an arbitrary Let G = Γ U where the elements of Γ act on U according to (7) . The elements of G will be written as ah, h ∈ U , a ∈ Γ and (ah)(a h ) = aa h a h . If g ∈ U \ U , then Proposition 3.2 implies that g G = U \ U . Let now g be a p-element outside of U . We may assume that g ∈ S U \ U because S U is a Sylow p-subgroup of G. Thus g = S i h for some i ∈ [1, p − 1] and h ∈ U . Without loss of generality we may assume that i = −1. It is more convenient to write g as g = S −1 h −1 .
Pick an arbitrary z ∈ Z(U ). We are looking for x ∈ U such that [g, x] = z, or, equivalently, x −g x = z.
It is more convenient to change x to x −1 and rewrite the equation as 
